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1. Introduction 

One of the fundamental principles of the 2-dimensional conformal field theory (CFT) is 
the convergence of the operator product expansion Q. It in particular implies that any 
4-point function factorizes in three different ways corresponding to the scattering channels 
s, t, u. Equivalence of these decompositions is one of the basic consistency condition of 
the theory usually referred to as the crossing symmetry or the bootstrap equation. 

Using the factorization and the conformal properties of 3-point functions one can ex- 
press any 4-point correlator in terms of structure constants and holomorphic and anti- 
holomorphic 4-point conformal blocks In the rational CFT the crossing symmetry 
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implies monodromy relations between conformal blocks in different channels |3|. Mon- 
odromy matrices between s—t, and t—u channels, are called the fusion and the braiding ma- 
trices, respectively. As the spectrum of a rational CFT is finite they are finite-dimensional. 

A well known example of the CFT with a continuous spectrum is the Liouville theory. 
In this case the fusion and braiding matrices were first calculated by Ponsot and Teschner 
using representations of Ug(sl(2, M)) 1^, ^]. These matrices can be also obtained calculating 
the exchange relations for the chiral operators in the scalar field representation ^. The 
explicite form of the integral kernels of the fusion and the braiding matrices was used in the 
analytic proof that the Liouville structure constants [^, satisfy the bootstrap equation 
Q. Although derived in the context of the Liouville field theory the fusion and braiding 
integral kernels are universal for all CFT. For instance for the central charge and the 
spectrum of a minimal model the continuous integral over intermediate weights reduces to 



a finite sum by the "contour pinching" mechanizm 11]. 

The structure of conformal blocks in the = 1 super conformal theory is considerably 
more complicated. It has been recently analyzed in the context of recursion relations in 
a number of papers [||, m, HI, P, 0, 0, m, H]. The form of the fusion matrix for the 
Neveu-Schwarz (NS) superconformal blocks was first proposed in [20| on the basis of the 
properties of super-symmetric extensions of 6-hypergeometric functions. This result has 
been confirmed in [^] where the fusion matrix was derived from the exchange relations 
of the chiral operators in the super scalar free field representation. As in the case of 
the bosonic Liouville theory the explicit form of the fusion matrix was used to check the 
bootstrap equation in the NS sector of the A^ = 1 super-symmetric Liouville theory with 
the structure constants proposed in |22, 23 1. 

The main aim of the present paper is to derive the integral kernels of the braiding 
matrices in the Ramond (R) sector of A^ = 1 SCFT by calculating the exchange relation 
for chiral vertex operators in the free super field representation. The extension of the 
theory by the Ramond sector leads to four types of chiral vertex operators. Their different 
compositions correspond to different 4-point blocks of the Neveu-Schwarz and Ramond 



fields |19|. We derive all technical ingredients necessary for calculating the braiding matrices 
for all types of A^ = 1 superconformal blocks involving external Ramond weights. Due to 
a proliferation of types of superconformal blocks we present detailed calculations only in 
a few cases. They were chosen to illustrate all the technicalities involved. The methods 
developed are general and can be easily applied to all other blocks. 

Our first motivation was to complete the proof of the bootstrap equation in both sectors 
of the (GSO projected) A^ = 1 super Liouville theory. The matrices we are to calculate are 
however universal and can be used to check the bootstrap equation and to calculate 4-point 
correlation functions in any A^ = 1 SCFT. The second interesting problem is to find out if 
there is a super symmetric counterpart of the relation between the fusion and the modular 
matrices recently found in the standard CFT |24]. Due to the technical complexity both 
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problems are postponed to subsequent papers. 

The paper is organized as follows. Following [12, 18, ^] we define in Section ^ the 
Neveu-Schwarz (NS) and the Ramond (R) chiral vertex operators and analyze some of their 
properties. In Section ^ the construction of chiral superscalar field space representation 
of the NS and the R vertex operators is described. In Subsection 3.1 we derive braiding 
relations for the chiral fermion fields. Our method is to decompose the chiral fermion Fock 
space into Virasoro Verma modules and then use known braiding properties of the Ising 
model chiral vertices. In Subsection 3.2 we introduce the chiral fields and clarify their 
relation to the chiral vertex operators of Section 2. In Subsection 3.3 the matrix elements 
of the chiral fields necessary for their normalization are calculated. 

In Section ^ we calculate the braiding matrices. In Subsection 4.1 we derive the 
braiding kernel for the compositions of ordered exponentials and screening charges. This 
result along with the results of Section 3 are used in Subsection 4.2 to calculated the 
braiding kernel in several cases including pairs of NS-NS, R-NS and R-R chiral vertex 
operators. 

The paper is supplemented by a number of appendixes. Appendix |A| collects the 
properties of the chiral vertex operators of the Ising model we need in our construction of 
the chiral fermion fields. In Appendix ^ we derive in some specific case the Ward identity 
for the fermionic current S in the presence of Ramond fields. Appendix contains some 
relevant properties of the Barnes double gamma function. In Appendix ^ we derive the 
orthogonality relations we use in Subsection 4.1. 

The paper is rather technical and some remarks concerning conventions and notations 
can be helpful. Let us first emphasize that the choice of chiral vertex operators in the 
Ramond sector is determined by the fact that the full theory is based on "small represen- 
tations" , i.e. irreducible representations of the left and the right = 1 Ramond algebras 
extended only by the common parity operator |l^, p!9[ . 

We shall adopt the symmetric form of the OPE of the fermionic current with the 
Ramond fields |]26|| : 

S{z)R^{w,w) ~ -^^^ll^R^{w,w) + ..., (1.1) 

(Z — 2 

and the standard normalization of the two-point function 

\W2 — Wi 



Rl{w2,W2)Rl{w,,wr)) = '^Z;^^^ ■ (1-2) 



Formulae (IT), ( [L.2| ) determine the braiding relations of the fermionic current with the 
Ramond fields up to a sign. This is in order related to the normalization of the two-point 
function of the fields as can be easily verified analyzing analytic properties of the 
three-point functions^ 

{s{z)R'^^{w2,W2)Rj^{wi,wi] 

^See Appendix B for a similar analysis of chiral correlators. 
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In the present paper we chose 

\J z — w S{z)R^ {w, w) = ^i\/w — z R^{w, ■w)S{z). 
The opposite convention 



|«l2-Wl| ''i (1.3) 



\J z — w S{z)R^ (w, w) = ±i \/w — z R^{w, w)S{z), 



is also possible. It is used for instance in |jT^, |T^]. 
For the chiral Ramond fields we assume: 

S{z)W%{w) ~ .^^f^W^piw) + . . . , (1.5) 

where f = e, o is the parity index and f denotes the parity opposed to f . Our convention 
for braiding (|1.3| ) takes the form^ 

S{z)WfJw) = -i./^i^zW^Jw)S{z), 

(1.6) 

S{z)W^^{w) = +i,/W^zW^p{w)S{z). 

Choosing the principal argument of a complex number ^ in the range — vr < Arg^ < vr one 
can write ( |1.6| ) as 

S{z)Wfp{w) = -eWfp{w)S{z) g ^ f +1 for Arg(^-«,)>o ^ ^^ 

S{z)W^p{w) = +eW^p{w)S{z) ' ^ I -1 for Arg(^-«,)<0' 

while (1.3) reads 

S{z)R^Jw,w) = ^eR^Jw,w)S{z), ^ = / +i fo-^ Arg{.-»)>o _ ^^^g^ 

Braiding properties (|l.6| ), ( |l.7D are crucial for most of the calculations in the present paper. 

Our notation for the chiral vertex operators and conformal blocks is organized as 
follows. In the NS sector the chiral vertex operators are denoted by 

where f = e, o is the parity index and the weights in the square brackets denote: A2 ~ the 
weight of the vertex itself, Ai - the weight of the source and A3 ~ the weight of the target 
NS Verma module. The "star" vertices are defined by 



^The consistency of ( |l.5| ) and ( [L.3| ) can be easily checked by explicit calculation in the representation we 
develop in Section 3. 
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In the other three sectors the rules are similar but the vertices acquire an additional it 
index: 



'f L/93/3lJ 



/33 ' 



y±\ /32 1 



/33 



This is related to the structure of Ward identities in these sectors. In contrast to the NS 
sector the 3-point conformal blocks are determined up to four rather then two structure 
constants. The it values of the additional index correspond the choice of a basis of 3-point 
blocks required by the "small" representation mentioned above. The conformal weights of 
the Ramond modules are denoted by parameter /3 which emphasizes the sign dependence 
but also encodes information about the sectors. The notation of vertices is consistent with 
the notation of conformal blocks introduced in |18, 19 One has for instance 



n 



A3 ±132 

A4 /3i 

Pi h 

±/33 ±/32 

A4 Ai 

ife A2 
A4 ±/3i 



«|k1//a](i)k1/iJWIO, 
(^4|i4l/|,](i)v;±[;/J(.)|0. 



Let us note that the it in front of /3-s in the symbol of a conformal block is related to the 
lb index of the corresponding vertex operator rather then an actual sign of this parameter. 
(When there are two /3-s in a column we write the signs in front of the upper one.) According 
to these notational rules all braiding relations for the chiral vertex operators can be easily 
translated into analytic continuation formulae for corresponding 4-point blocks. 

Although very economic for denoting vertices and blocks the A,f3 notation is not well 
suited for the analytic expressions for the braiding matrices. For this purposes we use in 
both sectors the a parametrization of conformal weights: 



a{Q — a) 



1 

Ar = h 



a{Q — a) 



The relation a to /3 in the Ramond sector is straightforward a = — \/2/3. 



2. Chiral vertex operators 



The relations of = 1 superconformal algebra extended by the fermion parity operator 



The blocks themselves are different as in the present paper our conventions for braiding and hence the 
Ward identities are different. 
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(— l)'^ read 



[Lm, Ln] = (m - n)Lm+n + Y^rn (m - l) 6m+n, 

[Lm, Sk] = Sm+k^ (2-1) 



{Sk, Si} = 2Lk+i + 3 (^^ - ^k+h 
[i-lf,L^] = {i-lf,Sk} = 0, 

where m,n ^ 7^ and /c, / G Z + ^ in the Neveu-Schwarz algebra sector and A;, Z G Z in the 
Ramond algebra one. 

The NS supermodule Va of the highest weight A and the central charge c is defined 
as a free vector space generated by all vectors of the form 

l^A,MK = L^mS-K^A = L-rrij ■ ■ ■ L^miS-k, ■ ■ ■ S-kiJ^A , (2.2) 

where K = {ki,k2, ■ ■ ■ ,ki} and M = {mi,m2, . . . ,mj} are arbitrary ordered sets of indices 



1 

2' 



ki > . . . > k2 > ki, kg £ N — - , nij ^ . . . ^ m2 ^ mi , rrir G N 



and VA is the highest weight state with respect to the extended NS algebra: 

Lo^A = Az^A, (-l)'^'^A = z^A, L„T,UA = SkVA = 0, m G N, /c G N - ^. (2.3) 

In the Ramond sector the highest weight state is defined in a similar way 

Lou';^ = At/;+, {-lfw+ = w^, L„u'+ = = 0, m G N, G N. (2.4) 

A novel property is that the zero level subspace of the R supermodule Wp over w'^ is 
2-dimensional 

Sqw^ = ie^'lj3wj for A = ^ - /3 V 0. (2.5) 
Hermitian forms (. , .)c,A on Va and (. , .)c,i3 on are uniquely determined by the relations 

{Lm)'^ = L_m, {Sk)'^ = S^k, {va,va) = 1, (u;^,u'^) = 1, (ui^, = 0. (2.6) 

They are block-diagonal with respect to the Lq- and (— l)^-gradings. 

Following 1 19 1 we introduce 3-point blocks as chiral 3- forms (anti-linear in the left 
argument and linear in the central and the right ones): 

Va3 X Va2 X Vai 3 (^3,^2,^1) — > £'nn(6,6,?iN) e C, 
X Va2 X B {v3,^2,m) — > QRR{v3,^2,m\z) e c, 

Va3 X W;32 X >V/3i 9 (C3,??2,??l) > £'nr(6,??2,??i|z) G C, 

>V/33 X X Vai 9 (?/3,??2,6) > 0iiN{m,m,^l\z) G c, 
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satisfying the "bosonic" (with respect to L„) and the "fermionic" (with respect to S^) 
Ward identities. The "bosonic" identities are the same for 3-point blocks of all types. We 



shall not use them in the present discussion (see |1£] for their explicit form). 



The "fermionic" Ward identities for the NN type of 3-point block take the form p^ : 



m=0 ^ ^ 



Q^Ai3,S-k^2,^l\z) = ('"t"") z'^g^^{Sk+m^s,^2,^i\z) (2.7) 

m=0 ^ ^ 

m=0 ^ ^ 
QMS-keS,^2,^l\z) = (-l)l«^l + l«^l + VNN(6,6,5fe6l^) 

+ E i;i^'-^->NN(6,5^+|6,eiN). 

The form ^^n is determined by the Ward identities up to two independent constants 

£'nn(C3; ^2; Cl|^) = PnN fe,6,6k)e'NN(i^3,Z^2,Z^l|l) 
+ yONNfe,6,6k)e'NN(l^3,*l^2,Z^l|l) 

where *fi = S_iVi. For Lo-eingenstates, Lq^^i = Aj(^j)^j 

2 

/>.n(6,6,6I^) = ^^^^^^)-^^(^^^-^^(^^Vnn(6,6,6|i), 

Since the parity of the total number of fermionic excitations is preserved in identities (^): 

Pnn(5'/i/3,i/2,5'ji/i) = /9*n(5'/z^3,*i/2,5'jz^i) = if |/| + |J|gN-^, 
pl^{SiV3,V2,Sjvi) = p^^{Sih'-i,*V2,Sjvi) = Q if |/| + |J|gN. 

The chiral vertex operators are defined by their matrix elements 

(6iK[4ij(^)iei) = PNN(e3,^2,eik), 
mvoU%,]{.zMi) = P*Ui3,y2,ii\z), 

(2.8) 

{i?.\vlix]^z)\i^) = /'NN(e3,*^^2,elk), 
(e3iK,utij(2)i6) = PNN(e3,*j^2,eik). 
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By the construction 



The "fermionic" Ward identities for the RR 3-point block read [19|: 

1 ^=+2/ 



(2.9) 



E 

p=0 



p=0 

00 



p=0 ^ ^ 



The 3-form ^rr(??3, ■^2, is determined up to four rather then two constants: 

Qrr{V3,^2,Vi\z) = ptR{V3,^2,Vi\z)QRn{w3,iy2,wf\l) 

+ Prr (% ,^2,Vi\z) Qrr {w^,iy2,wf\l) 

+ PRRim,C2,vi\z)QRR{w^ ,i'2,w];\i) . 

For Lo eigenstates p'iniV3,^2,m\z) = -z^'^'''^"^'^^'^"^'^''' Vrr(%, 6, As before the 
parity of the total number of fermionic excitations is preserved and therefore 



pt^iSMV3,'^2,SNm) = Prr (SMm, 1^2, SnVi) = 

ptR{SMV3,*^2,SNm) = PRR{SA4m,*^2,SNm) = o 
pt.RiSAm,^2,SNVi) = PRR{SMV3,i'2,SNm) = 

ptR{SMV3,*^2,SNm) = Prr ('S'M??3,*Z^2,5'Ar7?i) = 



if #N + #M G 2N + 1, 
if #N + #M G 2N. 



Using Ward identities (2^) one can derive the relations 



Prr^('S'a/wJ , J^2, SNwf) 
Prr {SmW^ , J^2, SnW^) 

Prr (SmW3,U2,Snw];) 

P^^{SmW^,1^2,SnWi) 



Prr {SmW^ ,U2,SnW];), 
P^R {Smw^,i'2,Snw^), 

Prr {SmW^ ,l'2,SNwf), 

-Prr {SmW^,V2, SNwf), 



(2.10) 



for the even number of fermionic operators i^M + ^^A^ G 2N and 



Prr (SmW^ ,1^2,3 nW^) 
Prr {SmW^ ,1^2,SnW^) 
Prr (Smw^ , 1^2, SNwf) 
Prr {SmW^ , V2, SNwf) 



w 



1 



-ipnRiS]\iW^,i^2,SN 

ip^R^SMW^, 1^2, SNwf), 

-ipRR {Smw^,'^2,Snw^), 

-iptltiSMW^, V2, Snw^), 



(2.11) 
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for #M + #iV G 2N + 1. One also has 

p^^{Siw^,u2,Sjw^) = {-i)*-^p^;;{Siw^,u2,Sjw^), 

ptR{Siw:^,V2,Sjwf) = i {-!)*■' pt,i{Siwt;,U2,Sjw:[). 

Identical relations hold for v replaced hy *v. 

An appropriate basis for the 3-point blocks takes the form: 



Pnn,e — Prr i Prr i PrrIo — Pha ^ ^ Prr ■ 



The corresponding chiral vertex operators are given by 



{m\vt[;X]{z)\m) = P%{m,*^M 



z . 



In the mixed sectors the Ward identities read: 



oo 



(2.12) 



(2.13) 



p=0 ^ ' p=0 ^ ^ 

+i(_l)l€3l+lml+i^ /^A z^-^Q^R{i^,r^2.Sn^M^\ (2-14) 

p=0 ^ 



p=0 ^ p=0 ^ ^ 

feN(%,'S'_n?72,6|2^) = XI ( ^p") feN('S'p+„?73,?72,^l|z) 

+i(_l)l'?3l+l«il+i ^ (^i-nj (-l)-+P^^n-P^^,(r,3,ry2,-Sp_iaN), 
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where 1^1 denote parities of states ^ G Va,?? G Wa ^- These relations along with the 
"bosonic" Ward identities determine each 3-point block up to four constants: 





112, m\z) 




112,^1 




W2 , 


wf 


1) 






+ ot^i^'^ 
' rNR VSo 


'/Z ; '/I 




, 

^2 ' 


wV 
^1 


1) 






+ Pn^(6 








wf 


1) 






+ Pnr (6 










1), 


£'rn(% 


V2,Cl\z) 


= Prn im 




z)QYm{wt 


,wt 




1) 










z)QYm{wt 


,W2 




1) 






+ Prn im 


V2,^l 


z)QYm{w^ 




,1^1 


1) 






+ Prn (% 


V2,^l 


z)QYm{Wz 


,W2 


,^^1 


!)• 



For Lg-eingenstates, Lq 



FNR 



{^3,m,vi\z) 
plN{m,m,^i\z) 



Ai(^j)^i, Lorjj = Aj{r]j)rij one has: 



Using Ward identities (pl^ ), ( ^l5|) one can derive the relations 



and 



ptniSiiy, W2,Sjwl 

Pnr(.SiU, W2,Sjwf 
ptiiSll^, W2,Sjwf 

Pnr{Sii^, W2,Sjwf 

Pw{Sjwj,W2,Siu 
pKN{Sjw^,W2,Siiy 
pt.N{Sjw^,W2,Siiy 

Pw{SjW^,W2,SlU 



P^KiSiTy, w^,Sjw^) 
Pnr{Sii^, w:^,Sjw^) 
pt^iSiiy, w:^,Sjw^) 
Pnr w^,Sjw];) 

ptN{Sjw^,w:^,Siu) 
Prn(.Sjw^,w:^,Siu) 
ptN{Sjw^,wj,Siu) 
Prk{Sjw^,w^,Siu) 



pt^iSii^, w:^,Sjwf) 
iPNniSii^, w^,Sjwf) 
ptniSii^, w^,Sjwf) 

Pw{Sjwj,w^,Siu) 
ipRN(.Sjw^,w^,Siu) 
ipt.N(.Sjw^,w:^,Siu) 

Prn(.Sjw^,w^,Siu) 



-I)*' pt^{Sju,wt,Sjwt) 
-1)*"^ Pnr (5'/'^, wt^ Sjwf) 
-I)*-' pt^{Siiy,w+,Sjwt) 
-1)*"^ Pnr w^, Sjwf) 

-1)*^ Pb.n {Sjw^,w:^,Siu) 
-1)*^ P^N {Sjw^,w:^,Siu) 

-1)*^ Pw (.Sjwj,w^,Siu) 



(2.16) 



(2.17) 



(2.18) 



(2.19) 



*Ward identities (2.14), (2.15) differ from the corresponding ones in [ [18| , |ig| ] by the sign in front of i. 
This comes from the opposite convention ( [l.4| ) which was (implicitly) assumed in 
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For states with definite parities some forms identically vanish: 

ptt{Sii^,w+,Sjw+) = ptt{Sjwj,w^,Siu) = if (2|/| + #J)G2N + 1, 
pt^iSiu, wt, Sjwf) = pt^{Sjw+,w^,Siu) = if (2|/| + #J) G 2N. 

The decomposition of the 4-point functions of Ramond fields into conformal blocks 
suggests the following convenient choice of a basis of the 3-point blocks fl^, |l^ 



Pnr,c — Pnr i Pnr 5 Prn,c — Prn i Prn ) 

Pnb.,o ~ Pnr i ^Pnr ; Prn.o ~ Prn ^ ^Prn ■ 



(2.20) 



(2.21) 



The chiral vertex operators are then defined by their matrix elements as follows 

(6l^f^UlJ(^)|r?l) = P^^],iC3,wt,Vl\^), 

{m\V,%lX]{zMi) = p'^%3,wt,Ci\z), f = e,o. 

3. Chiral superscalar 
3.1 Chiral fermion 

In the NS sector the chiral fermion field decomposes into half-integer modes: 

V'(^) = ^ Vr^-'^i {V'r,V'.} = 5r+s, {("1)^, Vs} = 0, 4 = ^-r- (3.1) 

rez+i 

The algebra of modes is realized in the Fock space J^ns generated out of the vacuum 
satisfying tprl^p) =0, r > 0, (-1)^|0f) = I^^f), (JIfI^^f) = 1- 
In the R sector 'ip{z) has the integer mode decomposition: 

mez 

and the vacuum state of the Fock space Fji is doubly degenerated 

ipo\n^) o^\n^), (-i)^|o^) = ±|J^^), (J7^|j]^) = i, (o^|o^) = o. 

Both Fock spaces carry the c = \ Virasoro algebra representation 

Lo = Y,{k + \) ^.k^k + {\ lector 
fc>0 

Lm = \ X](2A; - ra) ipm-kipk , 



where /c G Z + ^ in the NS sector and /c G Z in the R sector. Each Fock space can be 
decomposed into Virasoro Verma modules which leads to the decomposition of the total 
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Hilbert space of the chiral fermion into Virasoro Verma modules with conformal weights 

nF = J'm®J='R = Uo(BUi(BUt(BU-^. (3.3) 



2 



16 



In this decomposition Uq®UX and Ui®U-^ are the positive and the negative eigenspaces 

16 2 Yg 

of the partity operator (—1)^, respectively. 
We introduce new chiral fields {z) satisfying: 



+ ... , 



w] 



(3.4) 



for Arg(2:— ui)>0 
for Arg(2;— u))<0 



The operators a are uniquely determined by the relations above. One could in principle 
calculate them in terms of modes. It is however more convenient to use decomposition 
( |3.3| ) and to express all the fields in terms of the (Virasoro) chiral vertex operators: 



[z) 



cr [z 



' 




V 
/ 




( 



— (z\ 



V{M \ 

^^/.(-) 






z) 
















z) 









^-^v/Az) 


















( 








o5 



^V^Mz) 



(3.5) 



where we have applied the standard notation l,e,cr for the Ising chiral fields with the 
weights 0,^,^, respectively. The representation above can be easily verified using well 
known properties of the Ising chiral vertices summarized in Appendix A. 
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In a similar way one can calculate the braiding relation we shall need in the following: 

a+{z)a'^{w) = —^a~^{w)a+{z) + —j=-a {w)a (z), 
cr iz)a {w) = —^a {w)a (z) + —j=- {w)a+ {z), 
a+{z)a (w) = —^a^{w)a {z) + i—j=-a (u;)cr+(z), 
a (z)a~^{w) = —^a {w)a^ (z) - i—j=- a+ {w)a (z). 



(3.6) 



It follows from (3.5) that 



{w+\a+{z)\0 = {w-\a~{z)\0, {C\a+{z)\w+) = {C\a-{z)\w-) , (3.7) 
for even &V and 

i{w+\a-iz)\0 = {w-\a+{z)\0, {^\ a- (z) \w+) = i {^\ a+iz) \w-) , (3.8) 

for odd £ V. One also has 

{w'^\ ip{z) \w~) = i (w" I ^(z) ju)^) . (3.9) 

It is probably worth to mention that in the chiral fermion theory described above the 
algebra of chiral fields 1, V", c^, cr" does not close with respect to OPE. For instance the 
OPE of o""*" with itself contains a new local operator which is neither a conformal primary 
nor a descendent of a primary field. In this respect the chiral fermion with a partity 
operator in both sectors is not a complete chiral GET. In consequence the corresponding 
superscalar model we shall describe in the next subsection is not a complete chiral N = 1 
super conformal field theory. Nevertheless, it provides an appropriate representation of the 
chiral vertex operators in the = 1 superconformal theory. 

3.2 Chiral fields 

The chiral boson field with periodic boundary can be defined in terms of the decomposition 



ip{z) = q - iln(2;) p + ip<{z) + V3>(z), 

— 1 oo 



n — ' n 

n=—oo n=l 



where the modes satisfy 

[q,p]=i, [am, an] = m5m+n, = P, ^^ = ^, a]^ = a_„. (3.10) 
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They are realized on the Hilbert space Hb = i^^(M) ^Tb, where Tb is the Fock space with 
the vacuum state \^b) defined by the conditions an\^B) =0, n > 0, (rielf^B) = 1- The 
superscalar Hilbert space is defined as a tensor product 

and carries the representation of the = 1 superconformal algebra with the central charge 
c = I + 3Q2 : 

m^l fc>0 

-^^n = f P + j + ^ ^ 3n-m^m + \'^{'2'k - m) 'ilJm-ki^k , (3.11) 

Sk = {9 + iQk)'lpk + ^ am1pk-m, 
m^O 

where k,l G Z + ^ in the NS sector and fc, / € Z in the R sector. 

The superscalar Hilbert space Ti can be seen as a direct integral over the specturm of 
the operator p: 

where = \p) Fb® ) = \p) ^ ^b,® -^ns, and p|p) = p\p). The representation 
(3.11) defines on the structure of the NS Verma module Va with the conformal weight 
^ = \Q'^ + ^P'^i a-iid the structure of the R Verma module Wa with the conformal weight 

^ = W + h + ¥' °-^"r- 

For our purposes it is convenient to work with the boson and the fermion fields on the 
unit circle, transformed back to the zero time slice of the infinite cylinder: 

—1 00 

n=— 00 n=l k 

In terms of these fields we construct the ordered exponential 

and the screening charge operators in both sectors: 

Q(a) = jdx^{x)^\x), g = 6 + i 

a 

satisfying 

[L„, E"(a)] = e^"'^ (^-i^ + nA,^ E"(a), A, = ]^a{Q - a), 
[Sk, E"(cj)] = -ia e^'^'^ V'(cj) E°(cj), (3-12) 
[L„,Q(a)] = {5fc,Q(c7)} = 0, 
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where /c G Z + ^ in the NS sector and /c G Z in the R sector. For real b the screening charge 
Q((t) is hermitian, its square is positive and [Q((t)^]* may be uniquely defined for complex 

;harge 

(3.13) 
(3.14) 



t. Following 1 21 1 we define the "even" and the "odd" complex powers of the screening charge 
and the compositions 



s-l 
2 



g,» = E°(a)Q?(cT). 
The chiral NS fields are diagonal with respect to the sector decomposition 

'[S_,,E-{a)]QI{a) 

[So,E^{a)]QI{a) 
-iae~^^ip{a)gf%a) 

-iaip{a)g-^%a) 



Vf^(a) 



(3.15) 



where f = e, o and for f = e (resp. f = o) we have f = o (resp. f 
are off-diagonal: 



{a) = a-{a)gf-'^'\a). 



W 



e). The chiral R fields 



(3.16) 



The fields can be extended to Euclidean fields on the whole cylinder by the analytic con- 
tinuation to the imaginary time 



W 



y^^{w) = e^-^o Vf^(cj)e-^-^o, 
grLo v;^(o-)e-^^o, 
grLo wtf(a)e-^^o, 



± 



(3.17) 



They are related to the fields on the complex plane z 

y;f{w) = z^"+5v;-(z), A„ 

Wtf(u;) = z^^Wtf(z), 



w = T + la. 
■ via 

: la{Q - a), 

c 

" 24 



(3.18) 



24 1^ • 



The chiral fields satisfy a simple braiding relation with functions of p: 

^(w^)/(p) = / (p - ^ (a + bs)) y,",{w), 
V;?(«^)/(p) = /(p-2(a + 6s))V;^(«;), 

f (t/;)/(p) = f(p-i(^-V2/3 + bs)) Wtf («;). 



An important feature of the fields " (z), " (z) is that for the conformal weights 



+ 2^ 



1 



aiQ-a), As 
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there exists a unique form QNNiS,3T(,2,(,i\z) ■ Vas x x C, satisfying the Ward 

identities (^]^) such that 



tor £3 + ti even, 



It thus fohows from definition ( |2.8D that one can use Vf"(z) and "(z) to represent the 
chiral vertex operators in the NS sector: 



fe|Ve°(^)iei) 



ifi iT/r ^2 ^(,\\c \ _ (^3l Vo"(^)|gi) 



(6l^cUtiJ(^)l6 
(6IKUtiJ(^)l6 



fe|VL"(^)l6) 

(z.3|V*,"(l)|r.i)' 

(6iv*^(z)iei) 



(3.19) 



(r/3|V,-(l)|r/i) 

A similar property holds in the R sector. For the conformal weights 



^ + ^/^ A2 = ^a(g-a), A3 = ^ + ^(p-i(a + 6s))', 



there exists a unique form q^^{t\Zi^2i^\\z) '■ x Va2 x Wai — ^ C, satisfying the Ward 
identities (^M) such that 



^'RR(??3,i^2,mk) = (^al Ve"(2;) , 

for 1%! + even, 

gRR{m,*^2,vi\z) = {v3\K"{z)\m) 

Gnn{V3,'^2,Vl\z) = {V3\yo-s{z)\m) fo^ |,,3| + |^,| odd. 
Qim{V3,*^2,Vl\z) = {V3\K"iz)\m) 



From definitions (|3l5| ), ( ^l7|) , (|1|) and relation (U) one gets 



(^i;+|V,'^(z)|«;+) = {w~\y,-M\w-) 
(u;+|V„",(z)|«;-) =i(t^-|V,",(z)|«;+) 



(3.20) 
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Chiral vertices ( 2.13 ) can then be represented as follows 

(r/3|V,-(z)|7?i) 



and 



{V3\v+[,%]iz)\m) 

iSiwt\V-[;^j;\{z)\Sjwt) 
{Siwt\V+[;'j;\{z)\Sjwt) 

{m\v-[,%]{z)\vi) 
{Siwt\v-[;XMSjwt) 







Sjwt) 


{Siw^ 


Vo"s(l) 1 


Sjw-^ ) 




Vo".(l) 


w^) 




\/e1i^) 1 


Sjwt) 


(^3 


Ve^(l) 1 
|Ve^(z) 


wi) 
\Sjw^ 




|Ve?(l) 


H) 



(3.21) 



{m\yo1iz)\m) 

(u;3+|V,<^(l)|«;r>' 

(r?3|Vn(^)ki) 
(u;3+|V,^(l)|0' 





yi»{z)\Sjwt) 


{Sjw^ 


Vo"s(l) 







Vo".(l) 


w^) 


{Siw^ 




Sjwt) 


{'^3 


Ve^(l) 


Wl) 



(3.22) 



^ ^ K|Ve^(l)|0 ^ 

(^3|V*?(z)|7?i) 



(u;3+|V„-(l)|u;r>' 

One can repeat the above considerations for the R chiral fields. For the conformal weights 
Ai =^ + ^P"^ A2 = As 



c 

24 



1 

T + 2l^-^ 



|_V2/3 + 6.]y 



there exists a unique form £^nr('^3! ??2) ^i|-z) : x x VVai C, satisfying the Ward 
identities ( p. 14 ) such that 

gM^3,wt,m\z) = (e3|Wtf(z)|r?i) 

Qnb.{^3,W2 ,m\z) = (Csl Wef (z) hi) 

QUC3,wt,Vi\z) = (e3|Wtf(z)|r?i) 

In a similar way, for the conformal weights 
1 



for iCsl + kil even, 
for l^sl + \7]i\ odd. 



Ai 



+ 2^ 



A, 



24 



/3^ A3 



c 1 

^ — \ V — i 

24 2 * ^ 



|-V2/3 + 6.jy 



-17- 



the relations 



for |?/3| + 161 even, 
for \r]3\ + 161 odd, 



uniquely define the form gRNi'n3j''l2,'^i\z) ■ x Wa2 ^ I^Ai — C satisfying the Ward 

identities ( ^Isj) . From definitions (IsTtI) , and relations (U) one gets 



( 1/ 1 W+f (z) \w+) = {u\ W of (z) I w;-) , 
^(i/|W+f(z)|u;-) = {i^\\N-^siz)\w+), 

(u;+|W+f(z)|z.) = (u;-|W-f(z)|z.), 
i(u;-|W+f(z)|z.) = (u;+|W-f(z)|z.). 



(3.23) 



Using identities (|2l6|) , (|2T^ ) and (|3l20| ) one can express universal forms p^^,/)^^ and 
then the matrix elements of chiral vertex operators ( 2.21| ) in terms of matrix elements of 
operators W^f (z). The result is: 



(6lK^[4^,J(^)|r?i) 

(6IK^[4^«J(^)lm) 
(%IK^U%](^)iei) 

(%iK^U%](^)i^i) 



(6|wtf^(z)ki) 

(r/3|Wtf^(z)|0 

(6|W^ofe(z)|7?i) 

(i/3|W^f2(z)|u;r> 
(r?3|Wtf^(z)|6) 

(r?3|W^of^(^)|6) 



(3.24) 



( 



Wo 



Wki) 



3.3 Matrix elements 

In this subsection we shall calculate the matrix elements 

(z.3|W=^f(l)|u;i), (u;3|W=^f(l)|z.i) and (t«3|Vf,(l)hi), 

using a suitable modification of the procedure proposed in and adapted to the NS 
sector of the = 1 superconformal theory in |^]. The idea is to find an explicit form 
of an appropriate four-point, chiral correlator containing a degenerate Ramond field and 
then, by studying its different limits, to express the matrix elements we are after through 
the matrix elements of the chiral NS field computed in pl| . 

For /3 = /3+ = (5^^ + 26) the Ramond supermodule is degenerate (with 

respect to scalar product (|2.6|)). The vector 



X+ = (k+L^i - S-iSo)w[s^ 
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is orthogonal to all vectors in W/3_^_- Using (|2.5| ) we can rewrite the condition that x+ is 
null in the form of a pair of operator equations 



V2 d 

vv 

b dz 



^^Wt!+U) = ^e-^5_lW-^(z), ^Aw;f+(z) = ie^5„iWtf+(z), (3.25) 



which should hold in arbitrary correlation function. Introducing 



f.{z) = (i.4|W-„f3(i)w-/+(z)|z.i), 
g+{z) = ef {u,\\N-Jl{l)Wt^^(z)\S_ru,), 
g_{z) = e-x(z.4|W + /?3(i)w-/3-.(z)|5_iz.i), 



(3.26) 



we get in particular 



'V2 d 



b dz z — 1 



'V2 d i/3-, 



b dz z — I 

'V2d 

b dz z — 1 

'V2 d \p+ ' 

b dz z — 1 



|/+(^) + 
|/-(^) + 
\9+{z) + 

\9-{z) + 



/33 



z-l 



/33 



z-l 

J3_ 

z-l 

J3_ 
Z-l 



f-iz) 



1 



1 

^/z{l - z) 



A 



d 



+ A2+3-4 + {z-l)Tr 

z dz 



A d 

— + A2+3-4 + {z-l)jr- 
z dz 



(3.27) 

f-iz), 
Uiz). 



For the new function h{z): 



Uiz) + f.{z) = {1 - z)^ h{z) , ^=^-^ 



we obtain from (|3.27D 



d'^hiz 



1/1-62 



dz^ ^2 



where 21 = 603 — ^b^. 



+ 



221 dh{z) 
dz 



z-l 



62 



2z{z - 1) 



Ai 



+ A 



2+3-4 



+ A 



h{z), (3.28) 



The solution of ( |3.28| ) corresponding to the sum of correlators f-\-{z) + /_(z) can be 
singled out by its leading behavior at 2: — )• 0. It follows from the momentum conservation 
that all the states obtained by the action of (z) on the vector ui have momenta equal 

to 

ib 



q = Pi + 



(3.29) 
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The small z behavior of f±{z) can thus be calculated by inserting a projection on the 
highest weight states of Wq with an appropriately chosen parity. This gives 



(3.30) 



(z.4|W-f3(i)W"/+(^)|^.,) = {u,\\N->ll{l)\w-)z'-^{l + 0{z: 

where we have used the identities 

K|Wt^+(l)|^i) = (g|E-t(l)|pi)(a+|a+(l)|0) =1, 
(«;-|W-/+(l)|i.i) = (g|E-t(l)|pi)(cT-|a-(l)|0) =1. 

It follows from ( 3.2[l| ) that the asymptotics in ( 3.30| ) are identical, hence 

= {u,\W+Jl{l)\w+) z'-^ {I - z)'-^-"s (3.31) 

X 2F1 (|(2ai + 2a3 - 204 - b), |(2ai + 2^3 - 2a4 - 6); i(l - 6^ + 2bai);z) , 

where 2F1 denotes the hypergeometric function. 

In a similar way one can deduce from ( |3.27| ) the differential equation satisfied by the 
difference f+{z) — f-{z). Extracting a suitable power of (1 — z) from f+{z) — f-{z) we 
obtain ( p. 28 ) with different values of the parameters ^,21. Equations ( 3.30D and ( |3.2C| ) 
then give 

/+(z)-/_(z) = 

and consequently 

(z.4|Wtf|(l)Wt^+(z)ki) = {v,\\N-%{l)^-J+{z)\v^) 

= {^A Wtf|(l)lO (1 - z)'-^-l (3.32) 
X 2F1 {\{2ai + 203 - 2a4 - 6), \{2ai + 203 - 2^4 - b); \{l -b^ + 26ai); z) . 

We shall now determine (1/4I Wtsf (l)|tD^) by comparing the leading behavior of the left 
and the right hand side of ( |3.32| ) for 2; — t- 1. We start by calculating the leading term of 
the OPE of W+f3*(z3) = a+(z3)E"Hz3)Qf (Z3) and W + ^+(z2) = cj+{z2)^-'^{z2). Since 

Qf (Z3)a+(Z2)E-I(z2) = Qf (z2)a+(z2)E-t(z2) + (Ql^^s) - Qf{z2)) a+ {z2)^-'^Z2) 

we have for z^ ^ Z2 '■ 

Qf (Z3)^T+(^2)E-5(Z2) ~ Qf{z2)a^{z2)^-'^{Z2) = a+ (z2)Qf (^2) E" 5 (^3) 

where the equality follows form the definition of the screening charge Q, its even power 
(3.13) and braiding property ( |3.4| ). Further, from the definition of the screening charge and 
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braiding properties of the normal ordered exponentials (see the next section for details) 
one has, 

Qf (z2)E-t(z2) = e^^'^^ E-|(Z2)Q?(^2), 

hence 

Finally, from (U) and ( p^ : 

,1 1 b bar> f) 

a+iz3)a+{z2) ~ iz3-Z2)~-^, E"='(Z3)E-2(Z2) ~ (Z3-Z2) — E"3-2(Z2) 



and we get 



W+f33(z3)W + '5+(z2) ~ ef''^^ (Z3 -^2)^-5 Ve^^ hz2), 



■ S3 

SO that 



W+f3'(l)Wy+(z) ~ e'^^ ^3 (1 - z)^-8 Ve°3 ^(z) (3.33) 

^ Q2° [I- Z) 2 8 Ves3 ^(1). 



In conclusion, for z — )• 1 : 



(^4|Wtf|(l)Wt^+(z)|^i) ~ ef'''^Mi_^)^-| (^,|Ve:r^(l)|z.i) (3.34) 



where the matrix element on the r.h.s. was calculated in [21| and reads: 



(z.3|V,7(l)|z.i) =A1^3^^^^^, (3.35) 

A^NNN ^ «r rNs(Q + ai-2-3)rNs(«l+3-2)rNs(Q + a3-l-2)rNS (2Q - ai+2+3) 

- J^asa.a, TnS (g)rNS (2^1 )rNS (2a2)rNS (2^ - 2^3) 

with as = ai + a2 + 6s, ai_2-3 = ai — a2 — as etc. and 



ir m 



"3— "2~"1 
b 



On the other hand, we can analyze the z — >• 1 behavior of the r.h.s. of (l3.32| ). Using 
the analytic continuation formula for the hypergeometric function, 

2F1 (a, b; c; z) = r(c)r(c - a - h) ^. ^ ^ ^ ^ _ ^. _ ^3 3^^ 

i (c — aji (c — oj 

+ ^^"^ll^li' (1 - zf—' ,Fi(c - a, c - b; 1 + c - a - 6; 1 - z). 

r(a)r(6) 

bQ3 1 

we obtain a coefficient in front of (1 — z) 2 "s. It has the form 



r (i + I (2ai+4-3 - 6)) r (1 + I (2ai_4-3 + &)) ' 



(^4| WtfKl)K), (3.38) 
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with q given by ( ^.29 ). Comparing ( 3.38 ) with the corresponding coefficient in ( ^.341 ) we 
arrive at the identity 



(^4| Wtf^(l)k, 



S3 \^n^q 
bs3 



r (i + |(2ai+4-3 - 6)) r (1 + |(2ai_4-3 + &)) , «3-|,,,, , (3.39) 



Using ( p. 35 ) and the "shift identities" for the Barnes functions (see Appendix |C|) we finally 
get 

\N+jHl)\wt) = (^3| W-^Hl)|u;r) = (3.40) 

A^RRN ^ *r ^r(.Q + «l-2-3)rR(ai+3-2)rNs(Q + a3-l-2)rNs(2Q - ai+2+3) 

-/^a3,«2,ai - -^Vaa^^ai rNs(Q)rR(2ai)rR(Q - 2a2)rNs(2Q - 203) 

where the first relation of ( |3.23| ) has been added for completeness. 

The same procedure can be applied to other matrix elements. For instance, in order 
to compute {u^l Wtl'' {l)\w^) we start from the function (1/4] Wt s3(l)Wo^+(2)|j^i). The 
correlators 



(Z.4I Wt^+(z)WtfKl)l^^i> and (Z.4I W-/+(z)Wtf^(l)| 



1^1; 



give the formulae for {w^ \ W'tf^(l) \ and {w^ \ Wti s^(l) , respectively, and the matrix 
elements {w^ \ \/g'^'^{l)\wf) and {w^\ V^l'^ {l)\wf) can be obtained from the correlators 



«|V,^|(l)Wt^+(z)|z^i) and (u;^! V„<^3(l)Wt^+(z)ki). 



The result reads 



(1.31 W+f^(l)|u;r) = -.(^^31 W;f^(l)|0 = Ml^^l^^ , 
{wt\\l\/t^'il)Wi) = (^3AWof^(l)ki) =A^^3^'^,„,, 
{w^\\Nt^\l)Wi) = -^{wt\\N-J-{l)\u,) = Ml^^l^^, (3.41) 



RNR 
03,02,01 ' 
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where 
M 



NNR _ e ^4 Mg^a^ai T^^sjQ + Ql-2-3)rNs(Ql+3-2)rR(Q + a3-i-2)rR(2Q - ai+2+3) 

a3,«2,ai- ^ rNs(Q)rR(2ai)rR(Q-2a2)rNs(2Q-2a3) 



A^RNN ^ ju- rR(Q + ai_2-3)rNs(Qil+3-2)rNs(Q + «3-l-2)rR(2Q - ai+2+3) 

_y^NRR _ e'^TVagajai T^siQ + ai-2-3)rR(ai+3_2)rR((5 + Q3_i_2)rNs(2Q - ai+2+3 



03,02,01 



V2 rNs(Q)rNs(2ai)rR(Q-2a2)rR(2Q-2a3) 

(3.42) 



<NRN -AT TnsIQ + «i-2-3)rR(ai+3_2)rNs(Q + a;3_i_2)rR(2Q - ai+2H 



03,02,01 rNs(Q)rR(2ai)rNs(Q - 2a2)rR(2Q - 203) ' 

A^RNR _ e'^TVagajai T^{Q + ai_.2-3)rNs(ai+3-2)rR((5 + a3_i_2)rNs(2Q - ai+2+3) 



V2 rNs(Q)rR(2Qi)rNs(Q - 2a2)rR(2Q - 2a3) 

Matrix elements ( |3.35D , ( |3.40| ), ( p. 42 ), supplemented by the matrix element 



^3|Vr/(l)|^i) =^^^3^^^,,^ (3.43) 

^ rR(Q + ai_2-3)rR(ai+3-2)rR(Q + a3_i_2)rR(2Q - ai+2+3) 

"'"'"^ rNs(Q)rR(2ai)rNs(Q-2a2)rR(2Q-2a3) 

calculated in |21] form a complete set of eight independent normalizations required for 
representation of all chiral vertices in both sectors. 

4. Braiding relations 

4.1 Braiding of normal ordered exponentials and screening charges 



In this subsection we shall calculate the braiding matrix for operators (3.14). We follow 



the procedure proposed in M and extended to the NS sector of the N=l superconformal 



theory in |21]. Let us assume the existence of a braiding relation of the form 

gf3"K^3)g,,?,(a2) = X; JdKt)B^^{&,sMi^)gJtli^2)gJl{a3), (4.1) 
g 

where e = sgn((T3 — (72), f = (f2,f3), s = (52,53) etc. The sum over the indices g is 
restricted by the parity conservation which holds in the chiral superscalar model and the 
integration measure d/x(t) is proportional (by the momentum conservation) to the Dirac 
delta d{t2 + — S2 — S3). The additional subscript t] = R, NS denotes the sector in which 
relation ( ^T] ) is considered. 



It follows from commutation relations (3.10) that the ordered exponentials satisfy the 
braiding relation: 

E"(x)E^(y) = e-*™/^«g^(^-f) E'^(y)E"(x). (4.2) 
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Let, for 0-3 > (72, = [o-2, 0-3], Ic = [0-3, ct2 + 27r], /' = [(J2 + 2tt, (T3 + 2tt] and define: 
Qi = jdx E^{x)il>{x), Q^ = j^dx E^(x)V'(x), Q[ = j^dx E\x)'ip{x), 
so that 

Q(cT2) = QJ= + Qi, Q(a3) = Q? + Q;. 



Using ( [4.2| ) we thus get 

Q((73)E°2(,J2) = e-*-''°2E"2(a2) (q? + e'^-^^^Q;) , 
Q(c72)E"3(c73) = e-*"''°«E"3(a3) (q^ + e^^^^^^Qi) , 

and consequently 

gf3?3(^3)gf,?,(<T2) = E"^(a2)E"3(a3)e-^™-^™^^^^ (q^ + e'^-^^^Q'T' (Qi + Qi)?: , 



S3 

fa 

g..T.(^2)g,3?3(a3) = E"H^2)E"3(a3)e-™3fe*^ (Q? + e2-^°3Q^j*^^ (Q^ + QOI^ 
Braiding relation ( |4.1| ) is then equivalent to the equation 



(4.3) 



(4.4) 



where 



If the product of fields in (4.3) act on the NS state, the fermion field ip{x) appearing in the 
definition of the screening charges is anti-periodic, 'ip{x + 27r) = —ijj{x), and 

On the other hand, while acting on the Ramond state the fermion field is periodic, ^(x + 
27r) = ip{x). In this case 

q; = e^^''" e^^^'P Qi. 

It follows from the definition of the screening charges and from braiding relation ( [4.2| ) 
that the operators Qi, and e'^^P satisfy the Weyl-type algebra 

QjQ^ = -e^^^'^QJ^Qi, Q^e^^P = e^^^' e^^'P Q^, QiC^^'p = e*^^%^*PQi. (4.5) 

Formula (^^) can be seen as a relation in the algebra generated by the elements 
Qi,Q^ and p, satisfying ( [4.51 ). To compute the braiding matrix we shall choose a 
convenient representation of this algebra. Let us introduce an auxiliary Hilbert space 
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"Waux = (8) L^(IR^) and consider operators p,x, t G EndlTi^^^) satisfying commutation 
relations 

[p,x] = -i, [p,t] = [x,t] = 0, (4.6) 

together with conjugation properties p^^ = p1^, x^^ = x^^ and t^^ = — t. One easily checks that 
the operators Q^, Qi G End{T-l^^^), defined by 

Q? = Tie^Xe-i^-^S n = {%), 

Qj = rae^^^e-'^^Pei'^^e^*^^*, ra = (_° ^) , 



(4.7) 



form a representation of (4.5). In this representation 



Q^ = ^?hr2e5^><e-^Pe5''Xe^^'^^ = -1, VR = +1- 

Representation ( |4.7] ) allows to transform the powers of sums of Q— s into the normal 
ordered form, with x operator to the left of p and t operators. Using the shift property of 
the Barnes functions: 

Gm{y + b) = (l + e'^'y) GR(y), Gniy + b) = (l- e'^'y) Gns(2/), 

and 

e"'^/(p) = /(p + He"^ 

one has 



-^^inbt gifex G^s{ip + t + ^b 1 + ^1 
Gr {ip + t+lb-^) 

1 



e 2- 



Gr {ip + t + ig) 
with Q = & + and similarly 

gfeXg-liTTfet _ ^g|bXg-7rbpgibXg|i7rbt ^ g-|i7rfetgifex ^.7Tb{ip+t+^b-'')\ g|6x 



e-|-*t Gr (ip + t + iQ) e'^ ^ 



Gns (ip + t + ^Q) 



Introducing a matrix notation 



''^^ = [f^ Gr(z)) ' = (''''J'^ Gn!(.)) = ■ """^ ■ 
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one can present the result of the calculations above in the compact form 

Qj^ + Qi = e-5^-^tGNs(ip + t+iQ) rie*^GN^(ip + t+ig). 
In a similar way one obtains 

Qc^g2^i6a3Q^ = e-^*"''*GNs(^P + t + 2a3 + |Q) ne'"'G^l{ip + t + 2as + ^Q), 
Q^ + Q; = e-5*-''tG^i(-ip + t + iQ) rie''^G^(-ip + t + iQ) , 

Defining an even and an odd complex power of ri 



1, p = e, 

n, p = o, 



we get: 



X G^^ (-ip + t - 2a2 - bs2 - bss + iQ) G[, (-ip + 1 - 2a2 - 6s2 + ^Q) 
X Gns (ip + t + bs2 + IQ) lf2 G^s {ip + t + iQ) , 

(4.8) 

X Gns (ip + t + 203 + bt2 + 6*3 + iQ) 1^^ G^g (ip + t + 2a3 + bts + iQ) 
X G^^ {-ip + t-bt3 + ^Q) {-ip + t + iQ) . 

Evaluated on a common eigenstate of operators p and t, 

p\p,t) = p\p,t) , t\p,T) = t\p,t) , r e zM, 



the right hand sides of formulae ( |4.8| ) take the form of analytic functions of p and r, 
multiplied by the operator 



g(si+S2)x _ g(ii+i2)x 



Stripping off this factor from both sides of formula (4.4) one gets a relation between analytic 



functions of p and r. In terms of the Barnes S functions^ 

fs^z) \ fSKiz) \ 



^See Appendix ^ for the relation between the Barnes G and S functions. 
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this relation takes the form 

e'^S^ (§ + zA2-r)(^^4)^§-i(Q - zCs + tps-T)S^liQ - zCa - ips-r)F,f Sns(§ + ^^a-r 

= J2 J ^^(^3) e-^(''*3)'+-Pi''*3 i?^(d;s,f;s-t3,t3,J) (4.9) 

g 

where ix = ^^{sl - s^) + TTbpiS2 - i7ra2(a3 + 26S3), s = S2 + S3, 

- l^oij' - l,e-f J' - (^^ ) ' 

and 

A2 = pi - 2ia2 - ibs, B2 = -pi, C2 = i{a2-Q/2), ps = Pi - i{a2 + bs2) , 

(4.10) 

A3 = pi - 2ia3 - ibs, B3 = -pi, C3 = 1(03 -Q/2), pu = pi - i(a3 + 6*3). 

The Barnes functions in the integrand of ( [4.S| ) depend on the integration variable t3 only 
via the parameter pu- Multiplying both sides of equation ( [4.9D by §ns(^^ + i^s+T^ = 

Sns(§-«^3-t) (from the left) and by Si,(^^ + iBs + r^ ^= S^^f-iSg-r) (from the 
right) and choosing the integration measure to be dfi{t3) = 9{pu) dpu one gets 



00 



s 



^here .'j^lt^fX^j) ^t^nds for (f + " r) (f + z^3 + r) etc. 

In order to calculate the braiding kernel from ( [4.11| ) one can then use the orthogonality 
relation^ : 

/"^^TrffF^S ^^{iPu-T + iC3) \^ir^NS ^^{ip'u-r + iC3) X^ltl 

y ^ U SNs(Q + ip«+r-iC3) V 1 -2 s^g(Q + ip/^+^_iC73) V J / 

= M^\pu)5z,i5{pu - K), e (4.12) 
where 

A^ns(Pm) = sinhvrftpu sinh A/'r(p„) = cosh -Kbpu cosh (4.13) 



® A derivation of ( |4.12| ) is presented in Appendix 
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This yields 

5+ (a; s, f; s - tg, ^3, g) = Ar^(p„)e^^+i^(^*3)^-7rpi6t3 

l^{Q/2 + iA2-T) f^^^T S^sjiPs + r + iC2) 



/ptiV ^mv-Ps -r / -r t^_.2; ^ns 



SNs(Q/2 + i^3 + T) 

S^{Q/2-iB3-T) 



(4.14) 



Ns Si,(ipu-r + iCa) 



For further apphcations it is convenient to regard the braiding kernel as a function of new 
variables: 

O 

t = l,s, u, a4 = 03 + a2 + cci + 6s. 



Q ^. 

a? = ^ + iPi, 



In order to make it more readable we introduce the notation 



(4.15) 



(4.16) 



so that 



= K5^(2a„)5^(2Q-2a.) 



</f-{ 



S^(a4 — 03 + a2 — t) 
Sns("4 + as — ct2 + t 



f3 



SNS 



(as - 02 + t) 



(4.17) 



t) V 



where 



ITT 



ITT 

T 



a4{Q - 0:4) + ai{Q - ai) - au{Q - ««) - as{Q - as 
+ 2a3(a4 — ttu) — 2a2(a4 — a^ 

Repeating the steps above for e = sgn((73 — 02) < one gets 

= ie''"''5^(2a„)5^(2g-2a.) 



SNs(a4 - "3 + a2 - r) ^.^j^g §[,(as - 02 + r) 



F 



St] (a4 + 03 - a2 + r) ^ §Ns(as + a2-r) 



SNs(ai " t) [ /"^pti ^'^ SNs(a-» - 03 - r) 



(^0 



(4.18) 

T 



Sti(ai +t) 



g2 



Sti(au + a3 + r) 



where 



(5( ) = (5 - m{aA{Q - a^) + ai((3 - ai) - a„((3 - a„) - a5((5 - a^)). 
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The explicit form of the braiding matrix B can be read off directly from formula ( 4.14| ) . 
For instance 



^OsOu L«4 «lJ ee 4 



ie^5Ns(2a,)SNs(2Q-2aJ 



(4.19) 



im. 



cIt 

i 

+ 



SNsi^ + ai)SNsiT + Q:i)'S'ns(t + «4 - «3 + (X2)SmiT + 04 - Q3 + «2) 

_5'ns(t + "s + a2)5'Ns(T + + a2)5'Ns(7" + + a3)5'Ns(7" + a„ + 03) 

gR(r + ai)S-Ei{T + ai)5'R(T + 04 - 03 + a2)'S'R(T + 04 - 03 + 
'S'rCt + + a2)5'R(T + + a2)5'R(r + + q;3)5r(t + + Q3) 



(4.20) 



dr [" 5ns(t + Qii)-S'Ns(T + Qi)'S'ns(t + 04 - «3 + a2)'S'Ns(T + 04 - «3 + Q2) 
« L 5'ns(t + + a2)'S'Ns(T + as + a2)5'R(r + a^j + a3)5R(r + a„ + 03) 

_ 5'R(r + ai)Sn{T + ai)5'R(T + 04 - 03 + a2)'S'R(T + 04 - as + 02) 
5r(t + + a2)5'R(T + as + a2)Sm{T + + a3)5'Ns(T" + + a3) 



or 



ll[alal]Z = ief e^5R(2a„)5R(2g-2a„) 



(4.21) 



(ir [" 5'ns(t + Qi)'5'R(r + ai)5'R(r + 04 - Q3 + Q2)'5'ns(t + 04 - Q3 + "2) 
^ L'S'r(t + + a2)5'Ns(T" + as + a2)Sm{T + + a3)5'R(r + + 03) 

m 

_ S-ei{t + ai)5'Ns(T + Qi)'S'ns(t + 04 - Q3 + a2)'S'R(r + 0:4 - 03 + 02) 
5'ns(t" + + a2)'S'R(r + + a2)5'R(r + a„ + a3)'S'Ns(''" + + a3) 

The other cases differ from the expressions above only by constant phases and NS/R indices 
of the Barnes functions. 



4.2 Braiding of chiral vertex operators 

In this subsection we shall derive the braiding properties of the chiral vertex operators. 
Rather than presenting the general formula (which would be quite clumsy due to a plethora 
of indices) we will discuss several examples choosing vertex operators from different sectors. 
All other cases can be easily obtained in a similar way. 



4.2.1 NS-NS braiding 



The braiding properties of the Neveu-Schwarz vertex operators in the NS sector were 
already discussed in |21]. In this subsection we shall calculate two examples of braiding 
matrices for the NS operators in the Ramond sector. Let us first consider the composition 
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which in representation ( |3.21| ) takes the form 



«| Ve%^(l) \wt) {wtlVcTA^) \wt) ' 



The notation indicates that the product of chiral fields '^e%i^3)^e'sli^2) acts on the 
states from the Ramond sector. It follows from ( |3.15| ) that for this product one can apply 
braiding relation (^]^) derived in the previous subsection. In notation ( 4.16| ) we get 

~2i 



Eme,R fas a2 1^283 w Q2 , 



(-2)V,3?3(.3)L. 



Using ( 3.21| ) one can express the r.h.s. in terms of chiral vertex operators 

y.t{^2)\i:il{z,)\^ = {wt\y:i{i)\wt){wt\y,^^^^^ 

Thus, if we define the braiding matrix by the relation 

' dau 



pi 

2i \ "sOi, 



A3 A2 

f /34 +I3i 



A3 A2 

+/34 



,Ki.:ij(-2)K^.eij(^3) 
^ yoi%]{^2)v-ix]{^,)) 



then 



B 



A3 A2 

+/94 +h 



A3 A2 

+/34 



ee 
ee 



a4,03,Qs -"''Os,a2,cn 



A//NRN Ay/NRN ^asa„L"4 oij ee 

-' '04,03,03 -' '0s,02,0l 

A^RNR A^RNR 

■' ^ai,a2,ciu-' '0^,03,01 ^t,K ro3 02"|°o 



(4.22) 



A//NRN /WNRN ^03anL"4 oiJee ■ 

-"''^04,03,05 -"''Os,02,( 

The braiding of all other pairs of the NS chiral vertex operators can be calculated in an 
essentially the same way. For instance, for the composition 



the relevant braiding relation (^]^) reads 





R 






wt) {ws 




wt) 



(4.23) 



Ve-(^3)V -,(.2)|r = /^E1^^.1[So?]:T V/,(^2)V,3-(z3)|r. (4.24) 



As before, one can express the r.h.s. of ( [4.23| ) in terms of chiral vertex operators: 

Ve"2'(^2)V„'^^(.3)|R = -^ {wtly^ti^) \wt) iz2)V-[,X] i^s), 

Vo'^^(^2)V4^(z3)|r = i (<| V„^^(l) \wt) {w-\\/,ti^) \wi)V-[,%] {Z2)V,^[,X] (^3). 

(4.25) 
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Equations ( [4.23| ), ( [4.24 ) and ( 4.25| ) suggest the following definition of the braiding matrix 



yo%':i]{z,)v-ix]{z,) 



B 



A3 A2 



A3 A2 

+IS4 -Pi 



yo\%]{z2)v-ix]{z,) 
K-uij(^2)K>i,eij(-3)). 



Then the results above yield 



B 



B 



ClsCtu 



A3 A2 

+/34 -/3i 



A3 A2 

f A -h 



o e 
oe 

e o 
o e 



A^NRN A/fRNR 

■' '-04,02,011 'qii, 03,01 |n;e,R [03 02]^° 

A//NRN Ay/RNR ™asauLa4 oiJ eo ' 

-"^'04,03,03 -"^'0s,02,0l 



M 



RNR 



M 



NRN 



(4.26) 



04, 02, Oil '^011,03,01 n^ejR ro3 02]°* 



A//NRN A//RNR asOiiLo4 oiJeo ' 

-"^'^04,03,05 -"^'^0s,02,0l 



4.2.2 NS-R braiding 

As an example of the braiding between the NS and the R fields consider the composition 

K>-[,tlJ (^3)Kl,fiJ (^2) : V,, ^ Wp, , 
which can be represented, ( |3.21|) , (|3.24| ), as: 



NS 



By definitions plSD , ( |3l^ ) 

Vo?3(^3)W-f|(c72)|j,s = go?3(^3)^-(^T2)go°>2)|NS' 

where 02 = y — V^(32- From ( ^74| ) one gets the braiding of go%l{<^3) and cr^ ((72) 

go°>3)<T-(a2) = ef (-i)a-(a2)go?3(^3). 
Then using braiding relation ( [4.1| ) and notation ( [4.16 ) we obtain 



go">3)^-(^2)go°>2)L, = e^(-i)a-(a2)g,">3)go?2(^2) 



)S2V"^^INS 



/^E-^^^-^^^«'.«'[SS]r --(-2)g.,?,(a2)g,3?3(a3)| 



NS 



and 



Vo?3(-3)W-f|(.2)|^S = /^E«^^^-'^^«'f"'[S"?]r W,-t(.2)Vj4(.3)Ls- 
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By formulae and (|]2|) the r.h.s. can be expressed in terms of chiral vertex operators 



Wo-5(^2)Ve?|(z3)|NS = K|W-5(l)|r^„)K|V,?|(l)|z.i) e[,riJ(^2)^eUeiJ(^3), 
We-tt(^2K'?|(z3)|NS = «|W;g(z2)|^n> K| V.^^ (1) | ^i) ^"^1 J (^2)KUei J (^s) • 



This leads to the braiding relation 



K-U|J(^3)Kl,fiJ(-2) 



2i \ <^sau 



A3 -/32 

-Pi Ai 



Ki.rij(^2)K.utij(^3) 



where 



+ B 



as On 



A3-/32 
-/34 Ai 



Ki.rij(^2)Kuei. 



B 



B 



A3 -P2 
-Pa Ai 



A3 -132 

-Pi Ai 



, /mRNN /mNNN 

• ^ ^a4,a2,an '^0^,03,01 jrae, NS [03 02] 

A/fRNR A//NRR ^asa«La4 "i J 00 ' 
•' '04,03,05 05,02,01 



<RRR 



_ •^'^'04,02,0n •^'^'^0^,03,01 

oe ~ ^ 7URNR TV/NRR 

-^ 04,03,03 -"^'03,02,01 



Be,NS [03 02] 00 
^QsauLo4 oi J 00 



(4.27) 



4.2.3 R-R braiding 



We shall start from the composition of Ramond vertex operators in the NS sector 



Kl4y(^3)Kl,fiJ(-2): V, 

In representation ( p. 21 ): 

Kl4i](-3)e[,flJ(-2) 



Oi ^ . 



We+f|(z3)W- §2^(22) 



NS 



{vi\\Nt'il{l)\wt){w7\y^-'il{l)\ 



From definition ( ^3.16 ) and braiding properties ( |3.4D , ( |3.6D one gets 



We+f|(a3)W-f^^(a2)|^S = a+(a3)ge^^(a3)a-(a2)ge'^^(a2)|j,g 

= a+(a3)a-(a2)g,'^^(^73)g,'^^(a2 



;S2V"^;|NS 



ef ((7-(a2)(7+(a3) +(7+(a2)a-(a3)) ge?3(^3)ges^(^2)| 



V2 



It the present case the braiding relation of g fields we need reads 

ge^^(cX3)ge"^(^2)|^S = f '^Y.^'^l[ZZ]T: .?2(-2)g, 3^3(^3 ) 



NS' 
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Using braiding relations ( ^.41 ) and representation ( 3.21| ) one gets: 



a-(a2)a+(a3)ge?>2)ge?|(^3)Us = W-g(<T2)W+g(a3)|^g 



a+(a2)a-(a3)g,?|(a2)g4^(a3)|^s = W+g(a2)W-g(a3)|^g 



/+/33 



^-(^2)cx+(a3)g4^(a2)g4^(a3)|j,g = e^^^^) W;5(a2)W+g(a3)|^g 



-ze ■ 



a+(a2)a-(a3)g4^(a2)g "^(^3) 



e 2 



Ins 



ze 



(l^4|W;f^^(l)|t.+ >(u;^|W:f33(l)|z.i)F-UfJ(z2)ye-L%](^3). 



/33/ 



We are thus lead to following form of the braiding relation 



Kl4i](-3)eLlJ(^2) 



IT 



A4 Ai 



A4 Ai 



where 



B 



A4 Ai 



A4 Ai 



++ 



1 . A/fRRN A^RNN 



: e 8 



,Q3,Ql jroe, NS [03 02 



AT A^RRN A^RNN ^OsO„Lo4 oi J ee ' 

-''''04,03,0,, -''''o,,, 02, 01 



_ p^ + ^ -^'^'^04,02,01. -""o„,03,oi Tr.e,NSro3 02] 00 
A/fRRN A/fRNN ™asO„Lo4 oiJee 



%/2 



NSrc 

sOuLc 



'04,03,Os 'Os, 02,01 



As our last example we present the result for a composition of two Ramond vertex operators 
in the Ramond sector, 



Kl,riJ(-3)Kl.!|J(-2) 

'dau 



2i 



-ft 

Pa h 



+- 



+/33 -/32 
/34 /3i 



^c1,rij (-2)C[/Jj (Z3) - V~IX] (-2)eU?,J (^3) 
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where 



^fe -ft 

04 01 



+ - 



V2 



6 8 



<NNR 



A/fRNN A/fNNR 
•' 'a4,Q;3,Q;s •' '■as,a2,ai 



»e, R rQ3 a2l 
''asQ!uLo:4 aij eo 



B 



CCsOlu 



+03 -02 
04 01 



V-2 



A^NRR wRRN 

'■a4,a2,au •' '■au,0'3,0'i 

A^RNN A^NNR 

•"^'a4,a3,Q;s as, 012,011 



»e, R ra3a2l°^ 
aaaula4 aiJ eo * 
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A. Properties of Ising chiral vertex operators 



Properties of the chiral vertex operators in the Ising model can be easily derived from well 



known analytic properties of the 4-point conformal blocks 
the coefficients of the chiral OPE: 



The fusion matrix yields 



2,/i 



V,\{Z^)V{'^{Z2) 

V{',{z^)Vf,(z2) ~ ziv,%{z2), 

Vel{zz)VJ^e{^2) ~ 2Z-JV,\{Z2), 
V,\{Z^)V{^^{Z2) ~ ^^37 VX{Z2) + ^4 yaA^2), 



V{,{Z^)V,\{Z2) ~ ^32'^l\(^2), 



(A.l) 



The braiding matrix gives the braiding relations: 



^/e(^3)^/.(^2)=e-^-yi';(z2)V;^.(^3), 

(Z3)l^/i(^2) = e-t-Fi- (z2)V;'^i(^3), 

K;(^3)^/i(^2) = ef-F/,(z2)F/l(^3), 



V,\{Z^)V{^^{Z2) = ie2-y,- (Z2)y/,(Z3), 

V,^Az^)Vf,{z2) = e-5-V;- (z2)^/i(^3), 

V-,{Z^)VJ,{Z2) = e-t-V;;(z2)T^/e(^3), 
^l';(^3)K.'^e(^2) = ef-Fi- (Z2)V;'^.(^3), 



y/i(z3)vi'^,(z2) = ^et- y/i(z2)yi'^,(z3) + ^e-f- y/,(z2)y/.(z3) , 

y/,(z3)K".(^2) = ^/2e-f- VJ^{z2)Vf,{z^) + ^et- y/,(z2)F/,(^3) • 



(A.2) 



B. Conformal Ward Identities for the fermionic current S{^) 



Correlation functions of the fermionic current S{^) in the presence of the Ramond fields 
are no longer single-valued and derivation of their form, even if standard, is subtle. As as 
example we shall discuss the correlator 

(^4|W-f3(i)5(^)W+/3+(^)|^i). 
Due to OPE ( |1 . ID it has square root branch cuts at ^ = 1 and ^ = z. The function 

s{i) = v^V^(^^4|W-„f|(l)5(0Wt^+(z)ki) (B.l) 

should then be single-valued and analytic on the complex ^ plane save the simple poles at 
= 0, 2, 1. With the principal argument of a complex number ^ in the range — tt < Arg ^ < vr 
one has: 
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Braiding relations ( [1.7] ) yield 



-i./T^./I^{u,\w-Jm)w+J+{z)s{OWi) ■ 



(B.3) 



Note that in ( p.3| ) the multi-valuednes of braiding relation ( |1.7| ) is compensated by the 
signs coming from ( |B.2D . It then follows from OPE-s ( |l.lj ) and S'(^) \ ~ |5'_i that 



^(^4|W;f|(l)Wt^+(z)S_.|z.i) 



for C^O, 



^^^eX/?+(i.4|W-f^(l)W-^+(z)|z.i) for ^ ^ z, 



^/?3(z/4|Wtf,^(l)Wt'^+(z)|i^i) for e^l. 



This, together with the condition s(^) — )■ for ^ — t- oo, completely determines the form of 
the function s(^) and yields 



(^4|W-f3(i)S(0Wt'^+(.)|z.i) 



(B.4) 



e^/3+(z.4|W-f3(i)W-/+(z)|z.i) 



■ e 4 



/53(i^4|Wtf?(l)Wt'^+(z)ki> 



Expanding both sides of this equation around ^ = z and equating the coefficients at 
— z)" 2 we get 



(^^4|W-f3(l)S_iWt^+(z)ki 

■f 



^4|W;f3(i)wt^+(z)S_i li/i) (B.5) 



+ 



e 4 
1 - z 



y/T^y/z 

/5+ ^4| W-f3(i)w-/+(z) l^.^) + /33 Wtf?(l)Wt'^+(z) ki) 



Formula ( B.5 ) is used in a derivation of differential equation ( 3.27 ). 



C. Some properties of special functions related to the Barnes double 
gamma 



For JRx > the Barnes double function Th{x) has an integral representation of the form: 

g-xt_g-Qt/2 {Q/2-xf Q/2-X 



log Thix) 



dt 
T 







(1 - e-*^) (1 - e-t/b) 



2e* 



t 
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With a help of relations 

Tbix + b) = —^^j-^Tb{x), Th[x + b ) = Thix), (C.l) 

one can continue Tf){x) analytically to a meromorphic function of x G C with no zeroes 
and with simple poles located at x = —mb — nb~^, m, n G N. 



Borrowing the notation from we define 

nix) 

Tb{Q - X 



Sb{x) = ^r^^^, Gb{x) = e-f (C.2) 



and 

rNs(^) = n (f ) r, (2^) , rR(x) = r,, (^) r, 



5ns(x) = St (f ) St (^) , Sr(x) = Sb (^) Sb (^) , (C.3) 

Gns(x) = Gb (f ) Gb (^) , Gr(x) = Gb (^) Gb ( ^ 



Using relations (|C.1|) and definitions ( C.2[) , ( |C.3|) one can easily establish some basic prop- 
erties of these functions. 

• Relations between S and G functions: 

Gns(^) = Coe-'f^'(«-^)5Ns(x), Gr(x) = e-f Coe-^^(«-^')5R(x), (C.4) 
where Co = e 

• Shift relations: 

Gns(x+5±1) = (1 + e^'^^^'^) Gr(x), Gr(x+6±1) = (l - e^^**'^) Gns{x). (C.5) 

• Reflection properties: 

5ns(x)5ns(Q -x) = Sn{x)Sn{Q - x) = 1. (C.6) 

• Locations of zeroes and poles: 

Sj<ss{^) = 44> X = Q + m6 + nb~^, m,n € Z>o, m + n E 2Z, 

S'r(x) = <J4> X = Q + mb + nb^^, m,n G Z>o, m + n € 2Z + 1, 

/SnsI^;)^^ = <J4> X = —mb — nb~^, m,n ^ Z>0) rn, + n G 2Z, 

S'r(x)~^ = 44> X = — m6 — m,n ^ Z>0) ?7t, + n G 2Z + 1. 



Basic residue: 



lim X S-^six) = —■ (C.7) 

x->0 TT 
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D. Orthogonality relations 



For ^ € iM-|_ we define 



1 



SmiQ + T + e - 0+)5ns(Q + r - e - 0+) 5ns(Q + r + ^ - 0+) • 

1 ^ SniC - r) 

SmiQ + T + e - 0+)5r(Q + r - 5ns(Q + e + T - 0+) ' 



etc. 



The orthogonality relations 
'dr 



- [{rQ^P2r{rQ^Pl) + {T\l\ip2r{T\l\ip,)] = AA^s'fe) 5(P2 - Pi), 
dr 

- [{r Q ^P2r {r \l\ ipi) - (r |-| ^p,r (r |-| ip^)] = 0, 



(D.l) 



where pi,P2 G were derived in |20|. They followed from the "Saalschutz summation 
formulae" 



dr 



Gm{T + a)Gm{T + b) ^ Gr(t + a)GR(T + 6) 



Gm{r + d)Gmir + Q) Gn^r + d)GniT + Q) 



._3 ifd(Q-d) GNs{a)Gm{b)Gm{Q + a- d)Gm{Q + b - d) 
^° GmiQ + a + b-d) 



and 



dr 



J,-ktQ 



Gns(t + a)GNs(r + 6) ^ Gr(t + a)GR(T + 6) 



Gk{t + d)Gm{r + Q) GNs(r + d)GR(r + Q) 



(D.2) 



iidfo-d) G'Ns(a)G'Ns(&)G'R((3 + a - d)GB.{Q + b-d) 



G'R(g + a + 6-(i) 



(D.3) 



which were also derived in that paper. For our present purposes we need another two 
Saalschutz summation formulae, which may be derived following the steps that lead to 



|D.2| ), ( P.3|) . They read 



dT 



Gm{r + a)G^{T + b) , Gk{t + a)Gm{r + b) 



+ 



Gk{t + d)Gmir + Q) GNs(r + d)GR(T + Q) 



.^_3 i2Ld(Q-d) GNs{a)GR{b)Gm{Q + « - d)GR{Q + b-d) 

' GmiQ + a + b-d) ' ^""-^^ 
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dT 



JtttQ 



Gn{T + a)Gm{r + b) ^ Gns{r + a)Gn{T + b) 



Gk{t + d)Gm{r + Q) Gm{T + d)GB.{r + Q) 



^ ._3 ifd(Q-d) GR{a)Gt^s{b)Gm{Q + « - d)GK{Q + b-d) 
° Gm{Q + a + b-d) 

Using the relations between the S\^{x) and G[^{x) functions and substituting in ( p.4| ) 
a = 2e + 6-6, 6 = 2e-6-ei, d = Q -2^1 

we get 

/y [(r - e ISI 6)* (r - 6 |-| 6) + {r - e r,\ ^2)* (r - 6 6)] = 

_ ._3^I^(e^^i)-2^.e? Gns(26 + C-)gNs(26 - C-)G'r(26 - g+)GR,(26 + e+) 

" ^° Gns(46) 
where ^- = 6 - C+ = 6 + 6- 

For X — >• we have from ( p.4D and (C.7): 



(D.5) 



Gns(x) = ^ + 0(1) 



so that 



4e 



GNs(2e + ip2 -ipi)GNs(2e-ip2 + i?'i) Co,, 
lim = — iini 

This finally gives 
'dr 

-[{r\'^\^P2r{r\^\^Pl) + {r\l\ip2r {r\t\ipi)] 



(D.6) 



4iCo^e^'^p'GR{-2ipi)GK{2ipi)6{p2 - Pi) = N^^ 6{p2 - Pi). 



Similarly, with a help of formula ( D.5 ), on gets 

If [(r - 6 1^1 e2>* (r - e |-| 6) + (r - 6 |-| 6>* (r - 6 |-| 6)] = 

m. 

^ ^ .^-3^^(g?-gg)-2.<? gNs(26 + g+)GNs(26 - g+)GR(2e - i-)G^{2e + g.) ^ 

Now, since ^+ = + P2) does not vanish for pi G M+, we do not have a singular 
contribution from 

GNs(2e + e+)GNs(2e-C+) 
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in the limit e — )■ 0. Moreover, Gr(2;) is regular in the vicinity of the imaginary x axis and 



lirn GR(2e + e-)GR(2e-e-) 

e-5-O 



is finite. This gives 



- [{r III ip2T {r 1^1 ipi) + {r \^\ ip2T {r \l\ ipi)] = 0. (D.7) 

Using the reflection formula for the Barnes 5*— functions, Eq. ( p.6| ), the fact that S\^{x) are 
real analytic and that G M, r G iM, we can rewrite ( |D.1| ), ( |D.6| ) and ( p.7| ) in the form 

i \ SmiQ + iP2 - t) SmiQ + ipi + t) S^iiQ + ip2 - t) Sr{Q + ipi + t] 

= J^Ni^iP2-Pi), (D- 



1 - T 



I 5'ns(Q + ip2 - r) SniQ + ipi + r) S'r((5 + ip2 - r) Sm{Q + Wi + r] 

^fK^^{P2-Pi), 



and 



dT_ [ 5'ns(^P2 + t) Sji{ipi - t) S'R,{ip2 + t) Sjsisiipi - t) 

i \ SmiQ + iP2 - r) SniQ + ipi + t) Sb.{Q + ip2 - t) St<is{Q + ipi + t] 



"dr / SR{ip2 + T) Sjiiipi-T) ^ ^ns^ + t) Sjsis{ipi - t) 
i \ SmiQ + ^2 - r) SmiQ + ipi + Sn{Q + ip2 - t) Sb.{Q + ipi + t) 



= 0, 
(D.9) 



were for brevity we have not written the "—0^" prescription explicitly. It is now easy to 
check that for every choice of the parity indices h2 , h3 , and g2 , gs , the orthogonality formula 
(4.12) reduces to one of the equations (|D.8|), (p.9|). 
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